In this paper we derive the exact solution of the multi-period portfolio choice problem for an exponential utility function under return predictability. It is assumed that the asset returns depend on predictable variables and that the joint random process of the asset returns and the predictable variables follow a vector autoregressive process. We prove that the optimal portfolio weights depend on the covariance matrices of the next two periods and the conditional mean vector of the next period. The case without predictable variables and the case of independent asset returns are partial cases of our solution.
Introduction
Investment analysis and portfolio choice theory are very important and challenging topics in finance and economics nowadays. Since Harry Markowitz (1952) presented his mean-variance paradigm portfolio theory has become a fundamental tool for understanding the interactions of systematic risk and reward.
It is well known that the mean-variance optimization problem of Markowitz (1952) is equivalent to the expected exponential utility optimization under the normality assumption (see Merton (1969) ). Unfortunately, his approach only gives an answer to the one-period portfolio selection problem in discrete time but it says nothing about the multi-period (long-run) setting.
Therefore, it is of importance to investigate the multi-period portfolio optimization problem which is of great relevance for an investor as well. The multi-period portfolio selection problem has been analyzed for different types of utility functions by, e.g., Mossin (1968) , Merton (1969 Merton ( , 1972 , Samuelson (1969) , Elton and Gruber (1974) , Brandt and Santa-Clara (2006) , Basak and Chabakauri (2010) .
The continuous case has already been solved for many types of utility functions in the one-and multi-period case by Merton (1969) Exact solutions in discrete time are even more difficult to obtain in the multi-period case. Mossin (1968) considers the case of one risk and one riskless asset. He derives conditions when the multi-period strategy becomes myopic or partial myopic. Frequently this can be achieved by demanding independent asset returns. However, the assumption of independence is unfortunately not fulfilled in many applications.
For an investor it would be very useful to have a closed-form solution of the discrete multiperiod portfolio problem. Moreover, it is desirable that the optimal portfolio weights can easily calculated at each period. Analytical solutions of the multi-period optimal portfolio choice problems are hard to obtain and they are only available for some partial cases which are often derived under very restrictive assumptions on the distribution of the asset returns.
For instance, a closed-form solution for the multi-period portfolio choice problem exists for the quadratic utility function under the assumption that the asset returns are independently distributed (see Li and Ng (2000) , Leippold et al. (2004) ).
In the present paper we consider an investor who invests into k risky assets and one riskless asset with an investment strategy based on the exponential utility function
Here W t denotes the investor's wealth at period t and α > 0 stands for the coefficient of absolute risk aversion (ARA), which is a constant over time for the exponential utility (CARA utility). The application of the exponential utility function is more plausible than the use of the quadratic utility since the first one is monotonically decreasing. That is why the exponential utility function is commonly used in portfolio selection theory. Moreover, the optimization of the expected exponential utility function leads to the well known mean-variance utility maximization problem and consequently its solution lays on the mean-variance efficient frontier.
We derive a closed-form solution of the multi-period portfolio choice problem with the exponential utility function (1) under the assumption that the asset returns depend on certain predictable variables. The joint process consists of the asset returns and the predictable variables and it is assumed to follow a vector autoregressive (VAR) process. This approach is very popular in finance and it is often used for modeling the asset returns (see, e.g., Campbell (1991 Campbell ( , 1996 , Barberis (2000) , Brandt (2010) ).
The rest of the paper is organized as follows. In Section 2, the main result of the paper is given. In Theorem 1 an analytical expression of the portfolio weights is provided for each period. In Corollary 1, the case without a predictable vector is considered while independent asset returns are treated in Corollary 2. In Section 3 a short empirical study is presented. The performance of the derived strategy is compared with the one for independent asset returns.
The comparison is performed in terms of the cumulative empirical distribution function of the investor's wealth at the end of the investment period. We find significant improvements if the dependence structure is taken into account. Section 4 contains a short summary.
2 Multi-Period Portfolio Problem for an Exponential
Utility
In this section we derive the analytical solution of the multi-period portfolio choice problem for an exponential utility function assuming that the asset returns and the predictable variables follow a VAR(1) process.
There are only a few papers in literature where the exponential utility function is considered in the multi-period discrete time setting. For instance, Ç anakoglu andÖzekici (2009) solved the portfolio choice problem assuming that the stochastic market follows a discrete time Markov chain and all parameters of the asset returns, i.e., mean vector and covariance matrix, depend only on the current state of the stochastic market and not on the previous states which is equivalent to the assumption of independence in our settings. In the paper of Soyer and Tanyeri (2006) a Bayesian computational approach with the exponential utility was presented.
The authors write that the solution of the multi-period portfolio choice problem with the exponential utility under the assumption of normality "...cannot be evaluated in closed form and the optimal portfolio cannot be obtained analytically". In this paper, however, we present an exact solution assuming that the asset returns follow a vector autoregressive process with predictable variables.
Let X t = (X t,1 , X t,2 , . . . , X t,k ) denote the vector of the returns of k risky assets and let r f,t be the return of the riskless asset at time t. Let z t be a p-dimensional vector of predictable variables. We assume that Y t = (X t , z t ) follows a VAR(1) process given by
The stochastic model (2) is described in detail by Campbell et al. (2003) who argued that the application of VAR(1) is not a restrictive assumption because every vector autoregression can be presented as a VAR(1) process through an expansion of the vector of state (predictable) variables. The idea behind this approach is to find a vector of predictable variables z t which is mostly correlated with the asset returns and to build a VAR (1) From (2) we obtain the following model for X t expressed as
where I k is a k × k identity matrix and O k,p is a k × p matrix of zeros. Consequently,
Let w t = (w t,1 , w t,2 , . . . , w t,k ) denote the vector of the portfolio weights of the k risky assets at period t. Then the evolution of the investor's wealth is expressed as
where
The aim of the investor is to maximize the expected utility of the final wealth.
The optimization problem is given by
with the terminal condition
Following Pennacchi (2008) the optimization problem (5) can be solved by applying the follow-
= max
subject to (6), where w * T −t+1 are the optimal portfolio weights at period T − t + 1. Note that in contrast to the static case now the vector of optimal portfolio weights w T −t+1 is a function of the weights of the next periods, i.e., of w T −t+1 , w T −t+2 , . . . , w T −1 , what is the consequence of the backward recursion method (see, e.g. Pennacchi (2008) ).
For the period T − 1 we get
The last optimization problem is equivalent to
Taking the derivative and solving (9) with respect to w T −1 we get the classical solution for the period T − 1
In Theorem 1 the multi-period portfolio weights for all periods from 0 to T − 1 are given.
Theorem 1. Let X τ = (X τ,1 , X τ,2 , . . . , X τ,k ) be a random return vector of k risky assets.
Suppose that X τ and the vector of p predictable variables z τ jointly follow a VAR(1) process as defined in (2) . Let r f,τ be the return of the riskless asset. Then the optimal multi-period portfolio weights are given by (10) for period T − 1,
and
Proof. The value function at time point T − 2 is obtained by substituting (10) into (8) V
wheres T =μ T Σ(T ) −1μ T . Second, according to the properties of VAR(1) processes we get that
withY t = Y t − r f,t L 1. This is a quadratic form with respect to the conditional normally distributed vector Y T −1 . Moreover, using LL = I k ,
and (13), we get
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Following Mathai and Provost (1992, Theorem 3.2a.1) the expectation given in (16) is the moment generating function of the quadratic form in normal variables at point −1. Hence, it holds that
Because the matrixΣ(T − 1) +Σ(T − 1)B(T )Σ(T − 1) is positive definite the maximum of
Using that LL = I k we obtain
Furthermore, the equality (19) leads to
Taking the conditional expectation from the value function (21) with respect to F T −3 we receive
Consequently, the value function for the period T − 3 has a similar structure than V (T −
and c byc. It follows immediately that the optimal portfolio weights at period T − 3 are
The last step is to use mathematical induction with basis T − 3 in order to receive the statement of Theorem 1.
The results of Theorem 1 show us that the optimal portfolio weights at every period of time except the last one depend on the covariance matrices of the next two periods and the conditional mean vector of the next period. This property turns out to be very useful if we want to calculate the optimal portfolio weights for a real data set.
Note that the case without predictable variables is a special case of Theorem 1. In this case the following expressions are obtained. Corollary 1. Let X τ = (X τ,1 , X τ,2 , . . . , X τ,k ) be a random return vector of k risky assets which follows a VAR(1) process as defined in (2) but without a vector of predictable variables z τ . Let r f,τ be the return of the riskless asset. Then the optimal multi-period portfolio weights for period T − 1 are given by
and for t = 2, . . . , T by
Proof. The results of Corollary 1 are obtained in the same way as the results of Theorem 1 by putting L = I k and Y t = X t (p = 0).
In Corollary 2 the return vectors are assumed to be independent.
Corollary 2. Let X τ = (X τ,1 , X τ,2 , . . . , X τ,k ) be a sequence of the independently and identically normally distributed vectors of k risky assets, i.e., X τ ∼ N (µ, Σ). Let r f,τ be the return of the riskless asset. We assume that Σ is positive definite. Then for all t = 1, . . . , T the optimal multi-period portfolio weights for period T − t are given by
Proof. Corollary 2 immediately follows from Corollary 1 putting Φ = 0, Σ(t) = Σ and ν = µ.
The results of Corollary 2 can be obtained as a partial case of Ç anakoglu andÖzekici (2009), where the stochastic market was presented by a discrete time Markov chain. In that case the asset returns depend on the present state of the market and not on the previous ones which implies the independence of the asset return over time.
It is noted that the dynamics of the optimal portfolio weights in Corollary 2 is hidden in the coefficient of the absolute risk aversion α which is given by
Moreover, the expressions of the weights themselves are proportional to the weights of the so-called tangency portfolio (cf. Ingersoll (1987, p. 89), Britten-Jones (1999)). Because the tangency portfolio is usually considered as a market portfolio in the single-period allocation problem (see, e.g., Britten-Jones (1999)) we treat the weights given in (27) as the weights of a benchmark portfolio in our empirical study presented in the next section.
Empirical Study
In this section we apply the results of Section 2 to real data. In following we consider an investor who invests into an international portfolio. The portfolio consists of the capital market indices of five developed stock markets, namely Belgium, Germany, Japan, the UK, and the USA.
We deal with weekly data of the MSCI (Morgan Stanley Capital International) indices for the equity market returns from the January 4,2002 to December 4,2009. A process is fitted to the return series
We get 
0.0013085186 0.0010544496 0.0004365753 0.0009120373 0.0006781289 0.0010544496 0.0013833540 0.0005648237 0.0010218539 0.0008332314 0.0004365753 0.0005648237 0.0007994341 0.0004733366 0.0003667012 0.0009120373 0.0010218539 0.0004733366 0.0010176793 0.0006927251 0.0006781289 0.0008332314 0.0003667012 0.0006927251 0.0007242233
It is remarkable that the last column of the matrix Φ has the largest values which indicate on a strong positive correlation between the US market and the other markets. Moreover, it
shows that the influence of the US market on the return indices is larger than those of the domestic ones. Following Campbell et al. (2003) we choose the stock index of the US market as a predictable variable z t in our empirical study.
Next, we calculate the weights of the two multi-period portfolio strategies for an exponential utility function. We want to compare the case of correlated return vectors given in Theorem 1
with the case of independent variables given in Corollary 2 which completely ignores the time dependence structure well documented for real data.
The performance of both strategies is compared with each other via an extensive simulation study based on 10 5 independent repetitions. The multi-period portfolio strategies are constructed for T ∈ {13, 26, 52, 104} and for the coefficient of relative risk aversion (RRA) α r ∈ {0.8, 2}. The RRA α r = αW 0 is chosen as a constant absolute risk aversion (ARA) α in this study (without loss of generality we put W 0 = 1). In order to compare the performance of these two strategies we determine the empirical cumulative distribution function (ECDF) of the investor's terminal wealth for each strategy.
The obtained results are presented in Figure 1 and 2. If we compare the performance of two portfolio strategies by their ECDFs, we should choose the strategy whose distribution function lies below the other because the probability of getting a larger wealth is larger for the strategy with a stochastically smaller distribution function. The strategy based on the weights given in Theorem 1 is denoted by EXP, while the notation EXP-iid is used for the method with the weights of Corollary 2. Figure 1 presents the results for a smaller value of the coefficient of the relative risk aversion.
We observe that EXP overperforms EXP-iid for all considered investment periods T . For instance, for T = 104 the probability of getting a wealth between 60 and 80 is equal to roughly 25% for EXP while it is almost zero for EXP-iid. For a small horizon T there exists a small probability of bankruptcy for both strategies but it differs not significantly. For T ≥ 52 the probability of a loss tends to zero. The EXP and the EXP-iid strategies both improve as T becomes larger what indicates their good performance in the long-run setting.
Similar results are obtained for larger values of the coefficient of the relative risk aversion (see Figure 2 ). The performance of the EXP strategy is better for all T . From the other side, the probability of obtaining a larger value of the wealth is for both strategies smaller in comparison to the results presented in Figure 1 .
Using the results of both figures we can conclude that the EXP strategy has a higher performance for all T and risk levels. Of course this is not surprising since more information about the distribution of the asset returns is taken into account. On the other hand, ignoring the time dependence of the asset returns weakens the results with respect to the final wealth but it does not influence the probability of being bankrupt at the end of the investment period.
Moreover, it has to be noted that the comparison of the ECDFs of the expected utilities is not relevant in our study because both strategies give the maximum expected utility in most of the cases and do not differ significantly.
Summary
Although the first formulation of the multi-period portfolio choice problem was already provided by Markowitz (1952) , there are only a few results on closed-form solutions available in literature. They are mostly derived under the assumption that the asset returns are independently distributed. Merton (1969) discovered that the maximization of the exponential utility function for normally distributed returns is equivalent to the maximization of the mean-variance utility function. Ç anakoglu andÖzekici (2009) obtained a closed-form solution for the exponential utility function under the assumption that the asset returns are independent. In general, the derivation of an analytical solution of the multi-period portfolio choice problem with the exponential utility for discrete time was considered to be very difficult (see, e.g., Soyer and Tanyeri (2006) ).
In the present paper we derive an exact solution of the multi-period portfolio selection problem for an exponential utility function which is obtained under the assumption that the asset returns and the vector of predictable variables follow a vector autoregressive process of order 1. Under the assumption of independence the obtained expressions of the weights are proportional to the weights of the tangency portfolio obtained as a solution in the case of a single-period optimization problem. We show that only the coefficient of absolute risk aversion depends on the dynamics of the asset returns in this case. The weights of the optimal portfolio derived without a vector of predictable variables are obtained as a partial case of the suggested general solution. In an empirical study we compare the derived multi-period portfolio strategies for real data taking five developed stock market indices. A very good performance of the general solution is observed which always overperforms the weights derived under the additional assumption that the asset returns are independent.
The obtained results can be further extended by taking into account the uncertainties about the parameters of the data generating process. The analytical expressions of the weights can be used to derive the expected mean vector and the covariance matrix of the estimated weights which provide us the starting point for the detailed analysis of their distributional properties.
This problem is not treated in the present paper and it is left for future research. 
